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Chapter 1

Introduction
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Chapter 2

Preliminary

2.1 Approximating Kullback-Leibler divergence
TL:DR: ] MC approximation K115 KL 8%, {HHAFR estimator Kb 77 Z.

2.1.1 KL Divergence

JRA) KL §4 (Kullback-Leibler divergence) & X A :

Duw(PIQ) = [ ple)log E idm (2.1)

Hrp PR Q SRPIMERIMA, pla) AT q(a) 7052 EAT AR L R KL

2.1.2 Approximation

X BRI A — T 1 MC BBl KL 774 (Schulman, 2020).
WA Monte Carlo J7 i RITAATHA KL #4, W L@ PR A RS

]ty

Z q(x log ; E,q [log

BATTFR —A estimator, HPAFAMNIIGE] T — naive estimator:
k1= log@ =—logr
p(x)

Hod ratio r [F€ XANR (X FR% 1 ratio 7E subsequent calculation H1 2228 % HIIIL, LT importance
sampling &, 17 2&H 1 policy/IH policy):

oA



XFFIXA naive estimator v, FRATEZEIEY p A q BN 0A0 2 7 LECRES G W mean ZLE
%), XA KL #EH MC W77 BISRTT DAl HoR, (H2 XMl 77 Z S IR (FEARZ [ 3))
AR, XA T IRATFR R AR R N .

(Schulman 2020) $2H T 5 estimator SRAT IR/ std, LT E RS RIEW] .

1
ky = (logp(x) log q(z))* = i(log r)? (biased, but lower variance empirically)

2
=(r—1)—logr (unbiased, lower variance)

YT ko, & biased, PFIAE R expectation /& f-divergence KL [p, q]
1
KLy[p,a] = £, (k] = E, | 3 (ogr)?] # KLpp.g

{H2 B S IR RN TIXMIZ AN estimator 2 G MHXT/N— ST 2 (BFARMFRT HAAFEAER 2 EED ,
FATEAE T [HI 1] B SR IRAIE BHIX — A
*TF kg, s& unbiased

E,[(r—1)—logr]
=E,[r] —1— E,[logr]
E

3PS

Eqm1:Eq{§g;]—122q(x)§g;—120

HARET hy BB KL HSHBA CRRATRHD, 3T 2~ g,r = 22

MMM=ZM@M§3=%Fmﬂﬂﬁﬂﬁw—n4%ﬂ (2.2)
KL[p,q] = Zq(a;)z(g logzgg E,[rlogr] unbiased,  lrlogr — (r —1)] (2.3)

2.1.3 Experiment

KHEEATZH 7 (Schulman, 2020) K58, T 1A EISME B IR 20 A0 R AL s, 7370l 2
~ N(0,1) Ml g~ N(1,1), REHEHARIN estimator RKit5 KL #U%.
AU EESCFHESE —HIE R, ky BAHR T Z8OR, T ko A ks BIAHXS 77 ZEAHRTEL/N s AR ERAT AR,
ATLLE BN —FH ko WA ZE 2 B K, T by A1 Ky FRAES I 22 R AAH T /INIT o 3X AN 85 SENFRATT 2 7
I 2—80, k ks & unbiased B, T ko & biased [, ks & —HEAXN HLEIF ) estimator.

2.1.4 Commentary

FEIK 5 ER core idea

X B 3 B RAR R R IGH) KL $UE B [—logr] BT E,[f(r)], HE A BB EFE—AEEt
JRITEREL f RFEARTT %

YR r B ST B, r R ratio, BH RN, FrEVERE E0E [0, +00).
Nl T HATG T — R R AR A A 0 A B ZE 0 A2 KK, Bl (Schulman et al), 2017) wlidid
clipping KR ratio FIFEHLE [1 —n,1+n], FTRAFRMTATRAN r = 1 BIMEIE VS Bk EE f 8 .
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Distributions p and g with KL Divergence and Approximation of KL[g||p]

0.41 KL Divergence: 0.5000 L7 --- p~N(0,1)
-~ k1: bias/true=-0.0005, stdev/true=2.0005 S N M
2 k2: bias/true=0.2502, stdev/true=1.7315 | , i q~N(L1)
g 0.3 k3: bias/true=0.0006, stdev/true=1.6951 | ,/ il Samples from q
[a) / \\
> ’ \
£0.2 J il
a ’ \
© / A
S s N
E 0.1 // \\

”,/ \\\\
o0t T T e
-4 -2 0 2 4 6

K 2.1 KL 8UE L4

a. f(r) = —logr, WLH f BIRE convex 1), {HZRIR r = 1 T FIFEARG ERWA 75, f(r)
JH:HT Rk x B, XFEEWE R T Z e UK
b. f(r)=(r—1)—logr, MK f & convex [, HHLE r =1 MAHIME 0, H f(r) HKAE r=1
MVIL 2 vy =0, r=1 MEITRFEARERZEGE 0 FIEEL, f(r) BT ES/MRZ
c. f(r)=1(logr)?, MBI} 2 convex W, JFHAE r =1 NAEMHE 0, B LKL, H
JE [ expectation LTI, FATRIE LA unbiased T o

A LEHE KL 5E?

FESRAL 2 ST, KL SR8 R T 5 A SR 2 (] ) 28 o i — @ 1 KL S A (DD, 7]
U155 s TE 0 T IH SR, AT SEDLSR K (1 P SE R . BRI 2 5 RATR 4% B B AL B br sk ok
S —A KL BUZRII, Eetn PPO (Schulman et all, 2017) # KL penalty Ji:

mo(als) }
To.,(als)

Horp g ST SR S 7o, AT IH ARSNGB KL B HEAT LR GEH 2 —ANLL B ratio JITE objective
function LT (KT 2R L0 I0, 78 Jo T 2240 R (B.3) ) o T LG 4H S 7 B T e S 2 i 5 1 S5 A
T S 30 B R 1 2 2] 1 AR

X H ) KL penalty J7E GRPO (Shao et al), 2024) F N KL[mg, mpe]s XA KL BEA S IR
20K RL SO P IHSE08 4 (GRPO KA 12 PPO H11 clip SRAHD, TMiRHEKZAH RL 145
Sk BB AR R B B ref ARG ; 7€ R1 (Guo et all, 2025) H ref #EAY AT DRI ZR0RRL, ] LR
CoT-SFT i Ja (MR, iXFl pretrain+ SFT+RL(with KL penalty) i 7E (Stiennon et al), 2020)
WA, H R A I IR R mry AEMWE mspr KZ: M KL control % {R&5F RL
finetune MIMETE 2017 B TAE (Jaques et al), 2017) EBLCEH T .

KL[FQDM’ 9] = anﬂgold(s) |:_ IOg

2.2 Policy Gradients

TL;DR: X H¥ 2% (Leving, 2023a) HHIANZ, KA —F policy gradient FIHEFIHFE, 7F2EFE
F X B RS IE R (Sutton and Barto, 2020) A4 ZR], At LB AF B %



2.2.1 The goal of RL
B e aRAL S I H AR goal

0 = argmngETNpg(T) [ZT’ Sty Qg ]
t

J(0)

HA 7 = (s1,a1,...,s7,a7) &2— trajectory, r(s;, a;) /&£—4 reward function, T F/REE T
terminal FT&JIHIPEL, po(r) = — MRS, RRESE 0 K, trajectory FI7A0

T
H (ailse)p(si+1lse; ar)

E: XHEM trajectory RV, HAHE visits(state-action pairs), {RZHIT S RE (state, action,
reward) HIEI, 550X Y reward /2% state, action LA LL, & BT M state, action, next
state IJE30 (Schulman et al), R015a), FHSERZ—HFE1.

Ho PR R 72, — MR R horizon, — R IAMEAA £ 51 finite hozizon:

0 {arg maxg E(s,q)mpy(s,a) [7(8, a)] infinite horizon case

arg maxg Zthl E(s,a)~po(s,a) [T (8¢, a¢)]  finite horizon case

FHIRAMIHKE objective, FAIEH MC 15, I pg FRFEH N A trajectory, id N 7, =1,..., N,
SR G FRATT T BATS B — AU objective function

1
J(0) = Erp,(r) [Z r(st,at)] N Z Zr(si’t,ai}t) (2.4)
t it

S

T

Z r{St, Clt

t=1
UE=}

J@zmwmwﬂ:/mmmwf
Ve XAMTIEHSER S, po(r)r(r) BB, R BASELSL G, FT AR k&R,

2.2.2 Direct policy differentiation
WA FAT AT LLE BRER A
Vo J (0 /V()p(;
—/mUVmwM)UW
= Erpy(r) [Vo log pa(7)r(7)]
e BB ANE T AL —ANME HLEY identity:

Vopo(T)
po(T)

Vopo(T) = po(T) = po(T)Vglogpe(T)
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KT Vo logpe(r) FATH
T
Vi logpe(t) = Vg log (P(Sl) Hﬂe(at|3t)P(3t+1|5taat)>

T T
= Vyglogp(s)+ Z Vo logmg(as|s:) + Z Vo log p(sii1|se, ar)
—_———

0 t=1 t=1 i

T
Z o log mo(a|s:)

A BB # policy gradient A LA %

VoJ(0) = Erpy(r) [Vologpe(T)r(7)]

T
:]ETNpe(T) [(Z V(.) 10g7r9 a/t|8f ) <Zf St, Q¢ >]
t=1

t=1

Masterfd), BTG

1 N T T
00)% 3 3 (3 Wotosmtastn ) (o)
t=1

i=1 \t=1

Algorithm 1 REINFORCE
1: Sample 7; from my(ay|s), run the policy
2 VoJ(0) ~ Zf\; (Zthl Vg logmg (ai,t|5i,t)> (Zthl 7(8it5 ai,t))
3 00+ aVyJ(8)

2.2.3 Understanding Policy Gradient

FATAT LLE policy gradient A%} 7y >R maximum likelihood SR L — T

VoJpc(0) = %Z (Z Vg log 7r9<az‘,t|5i,t)> (Z T(Si,t,ai,t)>

t=1

| N (T
VoJur(0) = i Z <Z Vo logﬂg(azt|slt)>
i=1 \i=1
EIX B4
T
Vo log me(T;) ng log mg (@i ¢|Si+)
UK

Vo J(0) ~*Zvelog7re(n)r(n) VoJur(0) Nfzvelogm;(n)

i=1 i=1

ATV ) A7 o L S 2 M D e B R (R R, SR D IR B R, ARG TR b T RAS RS . T
HAEX B RATEAA B 2] markov FIT4EF (A PATE partial observed MDPs H ] policy gradient), X
BRI 7 Gl — N AN FE, R AE maximize IF 7 FIHER, X AMERILSLAT cross entropy JEH
187, PR UEIRATRE L3 A B 22 2 7] LA normalize — FHY, A2 Fmt2 A& — AN A A
PRI D



2.2.4 Variance Reduction

TL;DR: iX B FEAHHFR J7 Z K77 causality A optimal baseline, i T A2 HE0E A6 E
(175 7 (Schulman et all, 2017, 2015b), ¥kt ek % 77 ZESchulman et al! (2015a) .

1N (T T
Vodpa(0) =~ N Z (ZVG log mg(a; ¢|Si+) > (Zr Sity@it) ) (2.5)
i=1 \t=1 =1
T
—Z <Z Volog mg(a; s, |si, Z T(Sitys Wity > (2.6)

55 TR A X N T 4 B2 R SRAN I 05 22 e SR AR KR, Rl xt AR AR Y trajectory K, f&xH
MRk 7 22 (1) 7 VR BT R 2% BB IR causality, BIRSRI1 policy & ASBERZMA ] AT 3R1F 1) reward
1) ORGEIZ — G AT TR — 20052, At gial Mg B sroh

1 N T T
VoJea(0) = + > (Z Volog mo(ais, |sie) Y T(Si,t27ai,t2)>

1=1 t1=1 to=t1

ZE& 2 BITE Sutton PBHIMES, XASSKRAN reward H 25k undiscounted return G, EfI
T
= Z T(8it05 Qitr)
W=t
7t sutton F5H Y policy gradient & H M Q MAZ G
Q= Ew[Gt|5t7 at]

AT 2 5 AT e 48 P T — P8y, B vl AFEAR AR sutton B B RIAER LN K
FEJG — g &, TR HL 25 8 1)) B2 R A batch 8 ERFEA H A

058 5 — kit 2 JE BATTR A baseline G, #1 (Sutton and Barto, 2020) 13.4 F5HH L, &
TR A A—A™ baseline b, {15

V@J( ~ *Zve IOgWO(Tz)[ ( Z) b]

i=1

Horp b 22— 7 JE SR I B s B el S B A e il i, DA

Errpo(r) [Vologpe(T)b] = /pe(T)Ve log pg(7)bdT = /Vepe(T)de =bVy /pe(T)dT =0

—_—
1

A PATRAE T H L) baseline, 2
9(7) = Vg logpy(7)
e
Varlz] = E[z2] — E[z]?

Vo (0) = Errapy(r) [9(T)Ir(7) = ]| = By [9(7)r(7)]



prif

%Var_ %E[Q(T) [r(r) — ] - %E[ O] = —2 (E[g(r)r()] - E[g(r)?]) = 0
a7

0

43 optimal baseline A gradient magnitudes weighted average of the rewards:

N
b= rrpo(r) [T N Z r(7)

b=E

[ (T)2T(T)] suboptimal
Elg(7)?]

2.2.5 Importance Sampling
BTATH ET N IEFT2E policy gradient #4& on-policy 17774,
J(H) = ETNW(T) [T(T)]

XFEIE B ) R 22 M 2% BRCER R BESE T — i, ARERIIE L2 CLREM AT policy K
B SEREARRACT, MORITIERANGFHIE mp TRFETR N —MT N 7 ReE, JATHH
PR U AR AR T

J(0) = Erep(r) [];59((:)) T(T)}

HpfE S WARM R, AR T DA R R R 177, XA I importance
sampling, #fEFUWT

FATAT LUK IEA ratio L) 3E—L R FF, 195

po(T) _ p(s1) HtT:1 o (ae|se)p(se+1]se, ar) _ ﬁ o (as|se)

p(7) p(s1) Hthl m(ai|se)p(sip1lse, ar) =1 (az|st)

ILFATIAFE] T off-policy policy gradient HIE

Vo J(0) = Erepy ) [V oo (7)) 27)
~ S et |2V b (7)1 (1) (2.9

t=1 0 at|5t) t=1 t=1

= Erpo(r) l(H mor( ) (Z Vo log mer (at|st)> (ZN&,%))] (2.9)

R B —RERRATAT LA B8 causality FORA CHES AT LAB IR, WiwT b b

t1 T Li’i
Tor (A, | Sty Tor Aty | Sty
Vg/J(Q/) :]ETNPG(T) [ E Vg/ logﬂex(at,|$f,l) ( I | 0 ( t | t )) ( E r(sm,am)( 7:)9 (at ||8t >]
to ta t4

ti=1 =1 mo(ax, |st,) ta=t1 ta=t;

10



SR EBAVEE FE T i XA 1 — e T Bl 7

Vo (0') = Erpyir) | S Vo logmor (as,[51,) (H W) (Z r(stg,afg)ﬂ (2.11)

t1=1 to=1 7r9(at2|8t2) t3=t1

Mo T, Zelelte) 3o T 70 & RAREIHK N, — UM AT step ALATLL T, FAN LBRATH

Tfe af \91 )

KEM G, B Q, A4mn L F

. LN R

on-policy :  VaJ(0 N ZE: tZ Vo log mg(ai|sit)Qit (2.12)

off-policy : Vo J(0') ~ ~ ii Toitlit) G oo (as o550 (2.13)
- . ’ ~ — —_— ’ T’ i i i .
policy 0 N 22 o(ie|50c) 0 108 Ty Qi ¢St )it

2.2.6 Commentary

PPO (Schulman et al), 2017) F4&H [ objective function
LPC(9) = B, [At log Wg(at|st)]

X BL[#) objective function HSZHI (Sutton and Barto, 2020), 13.2 75 H#EFARK—FF. Sutton HIF
HHES policy gradient NIEM Vo, THIEANT-Z derive [, /G EIRIZRE:

o 3 11(5) Y 4a(s,0)Ve(als)

Z m(als)gx(s,a) Tr(is)

= Es~;¢,a~7r(~\s) [QW(Sv a)v log T‘—(a|8)]

=K

VF<G|S)1

s~

E: XHEE VM 7 #ERE T TR

] PLE 23X B A K] objective function Z¥AH log 1, HR2EHESHFEREF N T —4 = i| K NG
AT LA vV AR Viogw(als) T« HZZ5 CS285 lecture5 (Levine, 2023a) H 13 S5 AT LA &1
B E, S2BR EA2 trajectory-visit step FTRITHAEE (1X B trajectory K H T— batch, —4* visit /state-
action pair MK H T trajectory), 1M Sutton M SN state-action step FTRATHAEE (IX B state Al
action #RKA T AiH), Frl i HE K T Fr2 AR

SEREMIKS CS285 lectured (Levine, 2023a) H1 ) objective function 5 Ll ~HITE R

Qm log 7T6<ai,t|5i,t)

2=
M-
M=

J(0) =~

=1 t=1

A, logmg(aiy]si)

1M =
M=

o
Il

N 1

J& S TAE Mo — B ook, 5 Q, Bl A,, BiE i GAE (Schulman et all, 20154) (1] estimator;
BRIXAE N B AR R LSRG RS, R RN BFRR A ERE A, Velogmo(aislsis), T
RFANEIEIXFE— objective function KK, FEARUWIRANT—IFUGH B Ao 2 X MEA; H2
AT LMRTE A R AR B #5: & CHSE A2 cross-entropy .

11



2.3 Generalized Advantage Estimation

TL;DR: XA LAEFX GAE (Schulman et al), 2015a), 7EJ5%: PPO(Schulman et al, 2017), Open-
Reasoner-Zero (Hu et all, 2025), VAPO (YuYue et al., 2025) TAEH#SHE] T GAE {EN estimator:

AP = S Gy,
1=0
2.3.1 Preliminaries
X EAHIEARR— RS, 15 undiscounted HIHH A -

Notation Description

So initial state sample from distribution pg

T trajectory, T = (8o, ag, S1, a1, - - .) generated by sampling actions according
to the policy a; ~ m(a¢|s;) and sampling the states by the dynamics
St ~ P(8411|8t,at), until a terminal is reached

T4 reward at time step ¢, r; = (8¢, ay, S¢11)

& 2.1: Notations used in GAE

H bRt i KA Y22 e HIHEE, X BARBOX AN B AR R BORAT IR, IEER XS T B3 1Y policy
M5 o

RIS BEEE R TEI T -
g := VyE Zrt =E Z U,V log m(a|s;)
t=0 t=0
Hrh v, faT ge eI
Expression of ¥, Description
St total reward of the trajectory
ST total reward follwing action a;
Soi i — b(se) baselined version of previous formula
Q™ (s¢, at) state-action value function
A (8¢, at) advantage function

re + V™(s421) — V™(s¢) TD residual

% 2.2: Different expressions of the policy gradient
HorpJg =0 B 55 SO

Vﬂ'(‘st) = Est+1:ooyat:oo lz Tt-H] QW(SU at) = E5t+1:ooyat+1:oo lz Tt-‘ﬂ]
1=0 =0
A™(s¢,at) = Q" (s¢,a;) —V™(s¢), (Advantage function)

Hrp W, = A" (54, a,) #£ EHRRNTT .

12



fFS1Emg
ZXHER a:b MEERSRM a B b B—4 range (a,a + 1,...,b), XHEX] value function 1 state-

action value function 152 URIZ Bi7E (Sutton and Bartd, 2020) s SUR—8, ATASH &
ML —IRE HK, FHARE—T, ZiRIIFTENE SN

G, = {Z}ZO Ry undiscounted return
Yo Riyi  discounted return
vr(8) = E[Gy|S; = 5]
G=(s,a) = E[G¢|S; = s, A; = a]

EHEE RS FRAZARMIIZEMNEE, ROVHER S-S NI &K, 7E I
ERATATLAFEAE gae H HH LB PR IHER )& X

Esy a0 TR T IR RTBERT (ar, St41, Qeg1, - - -5 Soos Qo) BRAEHILEL return KIEE, HRIRAE s,
ZJ5 WA AT BERE A2 ) return U EE

Es, 1o arsnie TEXS T HTAATBER) (Se41, Qegt, - - -, Soos Goo) BRAEHIEL return SKHIEE, WMELRLE s, a,
ZJE WA Al BERE A2 1 return fHHAEE ;

GAE 5| N7 gamma K> L1 estimator (77 22, JFEEIXA v FIFATAT 1R discounted MDPs
H ) bellman equation H I EEJRLE A Fr X ), 1% B 32 24E A 2 B >R 982> undiscounted return )77
%, o =TimFREXMAERT

VT (1) = By aree [Z 71Tt+l1 Q7 (st,a1) = Esppyiarini [Z ’ylrt+l‘|
=0

=0

A™Y (sg,a1) := Q™7 (8¢, a) — V™7 (84).

discounted " HJ policy gradient HJZRIEZN:

g’Y = IEso:oo,ao:oo [Z Aﬂ',’Y (St’ Clt)VG log o (at|8t)‘|

t=0

PATZ AT 2] 1) discounted MDPs 1, ~ fIfER /21— trajectory/episode 5[ reward %
U, BT T return 7 KIIRE, K515

9 1

e.g., WRF—L reward 2 1 11, v = 0.99, MARMNTLR B return & 100, EHHTF v =
0.99 RAE & 1Al 100 1) reward, 5 I ) reward #AHFRE [ (B R LR B undiscounted policy
gradient HL2405| N\ v KIgD T %, (HEWHK T bias, HJ g7 & biased estimate of undiscounted
MDP

EPRE A y-just MBS, LSRR, UM EAR RN T ¢ LW AT LT,
y-just PEEELE v FEZ T DUERER, XF v 5INT bias MR, ~-just MR Z estimator X}

13



T Q: M F £ LI L GXAIFATE Sutton and Barto (2020) H &2 —50), AT LAIGAIE T [HIIX L7
RiIEATE y-just e 320 Y P, AT (se,a0), Q™7 (se,a0), 1o+ V™ (8141) — V™ (s4).

2.3.2 Advantage function estimation

3R T T 3 — ARSI (FE AR FL 5 25 /8 )estimate A? of discounted advantage function
A™ (s4,a4), HRZAE policy gradient 11— 5

1 o0
ZZ i,tVologmo(ailsi)
z:l t=0

Hrp N IR batch size, i 5 @ > sample, t K t LHINE,
1?1&&‘1[]% A~ approximate value function V (FRATHINME BB 2 — M HZE ML), T4 TD resid-
ual HREAN:
8 =ri+V (s141) = V(s1)

REYZV =V™ A2 y-just B CEWD, FR
Eoey [0 = Ba, [+ 9V ™ (5000) = V7 (50)]
= E5t+l [Qm’y(stv a't) =V (St)] = ATH"/(Sh at)'

BATIAERTE—A o) WA — D EMAIIL SR BT T, ARARTUEE— TR k 4> 6 I
HLAHIINEK estimate g, BLIHTHN ALY, HCEBEDWIGARER: (5 T BUXMEEEE 4 K

AL = v = —V(s:) + 70+ 7V (s141)

AP =6V ¢ + 76,1 = =V (st) + 1+ resn + 97V (s042)

AEB) =68, + 701 + 70 = —V(s1) + e+ + e + 77V (si4s)

/Algk) - Z’Y 5t+l =—V(s) +re+yrig1 +... + Vk_lrtJrkfl + 7kV(5t+k)
AX =) "4, = V(s + 271”“

=0

A Generalized Advantage Estimator GAE(y, A) [IFIERE L X e A® 1 exponetially-

weighted average:

AFARON = (1= 0) (A + AAP 4 N2AP) 1)

(=) (67 + A6 + 70 ) + N (8, + 70 g + 770 ) + ..
(L= (THXEN+ ) +980 A+ X+ )+, W+ N+ ) +..)

1 A A2
(1—A)(5t"_)\+76t+11 3 26tV+21 /\+...>

= 5V + ’y)\étﬂ + ’72/\25212

(’Y/\)l‘stvu
1=0

14



i B TBCAE — JE ol A«

AGAECN Syt (2.14)
=0
8 = v+ 4V (s141) — V(sy) (2.15)
HA G AR R L«
GAE(7,0) : A" = 67 = ry + 4V (s111) — V(s1) (2.16)
GAE(y,1) : A® = i'yldtﬂ = ifylrtﬂ —V(s) (2.17)
=0 =0

A —ME L2 one-step TD(or TD(0)), J&# #/& Monte Carlo(or TD(1)) - baseline [FJf&F#t. A
B o FIE G 2 y-just 1) CRRPD, (HZ B TIXAKRAMD, 2 SEBERATRMA T IR REwRZE: i
FREMAE A r FBHT, HERIERMMI, HE2ERBT V& —4 approximate value function 77
KT bias, {4V =V™ FRTMWMAD: FrCUXEH X KF# bias Ml variance ] trade-off.

2.3.3 Commentary

ATLAR ST GAE 42 H AT (Sutton and Barto, 2020) H 1 Eligibility Traces — [ P 28 AH & 14
FEH K, XHEK GAE(y, \) A1 TD(N) FIME& 5  E5# 25
HAREANTA— discounted [ return (JFIZERA ((Sutton and Bartg, 2020) 7.1 n-step TD):

Giiyn = Re +yRepr + ... + 7n71Rt+n71 + 4"V (St4n)

XHEE G 4T 2 truncated f return, ZJ5H] estimate B V RAE, FATEH AT IN
PP E] T Areturn fJFRIAI ((Sutton and Bartd, 2020) 12.1 A\-return):

Gi\ = (1 - )‘) Z /\nith:t—i-n
n=1

XTI B GAE HI5E X
ASAE(%M - (1 _ /\) )\nflAgn)

PR TT ZE R AR A — B, MRS Areturn IIRIERTE) Gy HRT AN — MRS T
F.

L NS

XMLE A — A exponential decay HIALEE

n __ A"
S V(Y
IACESMERRERNREREHLET—1 T O =1):
(=X)L +A+A+..) :(1—)\)ﬁ:1

15



S U — SR S B — AR, BB — AN AR R AR I N U A L N, By = 0.995, A =
0.96; A2 XRT reward shaping, GAE HHUIXMNEEMR: T —F GAE BIfk: AkRRE ~ BIBHE,
PR 22 S I R 2S00 /ANE 1> 1/(1 — ) Z )G reward, il v = 0.995 St AKE 200 52 5 1A
KT, HREXFREESERKETZ; GAE A X BIIBFRECF 42 Jastik/b 7 long delay K )
noise [, WEBFAERL T RIL/AE 1> 1/(1 — My) ZJ5H) reward LT v = 0.995, A = 0.96 B A KE 25
WZRRIWNET, b 7%, X—ERE EFHET long-term ) reward.

2.4 Proximal Policy Optimization algorithms

XA TAE— i i F8A PPO (Schulman et all, 2017), X Bk 2 8 TAE G otk 2 ) (et 2, (B2
XHERRZMSHE AT EE, i cdip FEME, GAE MEMEL (TODO 455 PPO HH#ES GAE),
EERMSFEAAZ— T PPO M LAEEEA— B IS, 2 )54 7ELLM Policy Gradiendrh il $lix
BB

2.4.1 Policy gradient methods
[ TZARFRATBRAL 27 2] (O Rt A & S A E (Dong, 2025), 454 PPO (Schulman et all, 2017) HfT
BIRF S, AIAH gradient estimator HIFEAUI T :

g = IAEt |:v(9 log 7'['9((1,5|8t)121t:|
HApFF5RUT:

Notation Description

Sy State at time step t.

a; Action at time step t.

Ty Policy (stochasitic) parameterized by .

A, Advantage function estimator at time step .

&, Empirical average over a finite batch of samples at time step t.

# 2.3: Notations used in LLM Policy Gradient

Policy gradient 5K objective function KIJERAT (PPO (Schulman et all, 2017), 2.1 1):

LPG(Q) = Et [log W@(at|5t>ﬁtj|

2.4.2 Trust region methods

TRPO (Schulman et ali, 2015b) TAEZE EIHIF) PG 77 Eidm KL 290 541 importance sam-
pling, FLJFRFE AT LLZ% CS285 lecture9 (Leving, 2023b) MIfiERE, Specifically, the KL divergence is a
measure of how much the new policy 7y differs from the old policy ,,,; XML FZAFHIE R0

maximize [E, {
0

W@(at|8t) A :|
0014 (at |5t) '

subject to E; [KL(mq,,,(:|5¢), mo(:|5¢))] < 0
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/f IZEEQ KL(?Teold,Tre) ﬁi%*ﬂﬁﬁ%ﬁ DKL(TrenldHTFe) 7%%1)[ E"]
I AT R RE— R penalty T SORF R LR & 1F:

Toldelse) 4, gt (.., (130), mo ()

maximize [,
o T0o1a (at|8t)

e XA AR R EACE bR 8 RIS BB KL B, AR FRMED MRk 7 5 « v
BEMR A CHIAERLF IR, B3E GBS R IR I clip iR =i ke, {345 SRms S8 A ge i i XA~ 5 IR .

Bl TRPO f FHE M F] hard constraint JAH, B 5 1 MEBH LBARER, SEmh —
A~ adaptive 3 IMCANEA baseline 2 —, WI'F
ol0elst) g KT, (). mo(se)

0014 (a’t|st)

—E, [”')A] BB, (KL (g, (50), mo(-|50))]

TO01a (a’t|st)

Lxipen(8) = I, [

d

B/2  if d < dyarg/1.5
BB x2 ifd>dig x 1.5

I5; otherwise

2.4.3 Clipped Surrogate Objective

é\
o ((lt ’875)

" (9) N TO01q (at |5t)

%B/A\ﬂﬂ] n(Gold) =1,
TRPO HHI TAERTEARLIRAIEN T maximize HARpAEL:

L(9) = &, [W(at"st)ﬁt] =, {n(G)At}

T o1a (at ’81‘/)
PPO Wi K main HARREE:
LM (9) = B, [min (ro(0) Ay, clip(re(8),1 — €, 1+ )4,

W B ATRAE 20t ekt LI F AR, X B LU min HTE R B3R 2
15 A, NIEMIE, r(0) MEARGET 1+ 6 MIfE A, NRMIGE, r0) FEAREDT 1 - P

A AGRAEBAN A 2 i B LA S

2.4.4 Algorithm
TfisE PPO H ) —SeRR 4075, o KA objective function WIF:

LEVPHVESS () = B, [LEYP(0) — 1 LY (0) + c2S[mg) (s1))] (2.18)

LEVP(9) w2 _EH$EH clipped surrogate objective function;
LYF(0) #& squared-error loss (Vy(s;) — V;*'8)%, Vi(sy) & value function, V;"™'®

function; SCEPFERERZUWA policy M value function HE— ML M K ZH, AT E combine

& target value

clipped surrogate objective I value function error term;
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Function Comparison for Different Slopes (¢ = 0.2)
A=1.0 A=20 A=-1.0 A=-2.0

1
— 1
- 4 !

1

1 1 1
T T T T T T T T T T T T T T T T T T T T
0.0 0.5 1.0 1.5 20 0.0 0.5 1.0 15 20 0.0 0.5 1.0 1.5 20 0.0 0.5 1.0 1.5 2.0

----- y=rA — y=clip(r,1—¢,1+¢€A y=min(rA, clip(r,1 —€,1 + €)A)

K 2.2: Clipped surrogate objective function

S[mg](s¢) & entropy bonus, HIR{RIE sufficient exploration;
c1 1 ¢y J& coefficients, XMW ANSHESE KT ERISEL

Entropy bonus

H C R RIERAS RS T S ERER A RS 28 CEIREL, AMARIERRRE, X
— T FAE (Williams, 1992) F#t#EH 7, A3C (Mnih et al), 2016) FFic 5~ H, PPO &% %
e 5N S[m](sy) (BLFEZ G SoftQlearning(Haarnoja et al), 2017) 1 Soft AC(Haarnoja et all,
2018) id5 N H), HIEAn T

Slmol(se) = H(mo(-|se)) = — D _ mo(als:) log mo(al )

FERX B PPO Hid 4@t 7 — e fhitHR S BB 457y (& & RNN BH0%), /2 KB truncated ver-
sion of generalized advantage estimator(Schulman et al), 2015a), RI[E €K EA T timesteps [ truncated
GAE, HJEAT:

A, = —V(se)+re+yrgpr + -+ AT ey + ’YT_tV(ST)
=1+ YV (st41) = V(se) +7(resr + YV (s042) = V(se1)) + -+ (rro1 + 9V (s) — V(sr-1))

5t 5t+1 5T—1
T—t—1
=0 +70p1+ -+ AT = Z 7k5t+k
k=0

Hrft e 0,7 —1], T & truncated (K, 6 =7 +vV (si41) — V(se) #& TD error, A, L%
Bk tHE, V(s & value function ffhTHE

A S5 S B PR L 7 R TR

A proximal policy optimization (PPO) algorithm that uses fixed-length trajectory segments is shown

below. Each iteration, each of N (parallel) actors collect T timesteps of data. Then we construct the
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surrogate loss on these N T timesteps of data, and optimize it with minibatch SGD (or usually for better

performance, Adam), for K epochs.

Algorithm 2 PPO, Actor-Critic Style
for iteration = 1, 2, ... do

for actor =1, 2, ..., N do

Run policy 7y, in environment for T timesteps

Compute advantage estimates Al, - Ar
end for
Optimize surrogate L wrt 6, with K epochs and minibatch size M < NT
Oora < 0

end for

2.4.5 Commentary
MR JEUE policy gradient i A,
LPG(Q) = Et [AtIOg W@(at‘st)}

PPO (Schulman et al), 2017) F1 TRPO (Schulman et al|, 2015b) #4275 B I8 70 log 7o (ay|s, ) 3
ek TSR Q BB E# . GAE (Schulman et all, 20154) TAEHRERTKE IS A, Bk,

{B72 PPO {£ TRPO HyJ&Ati b 13— 0 ok, 645 H br el BonT Lo — SR 6 541 clip sEoR
SEHL pessimistic bound HFIRCR, &4 T TRPO Hit5 KL Al 3 1A &,

{HRAE S K RLALLM BJ#r hIRATATLAE 2], REn TR R aA — KL KL R KRS
mRb A SET 2 A ZE AN ROR

2.5 Soft Actor-Critic

A TAETRIFR SAC (Haarnoja et all, 2018). XA TAEZTE EBP (Haarnoja et all, 2017) K24t E
kL), MANER K ICML, Z AT TAERA 4T DDPG, XA TAERHF 7 SOTA — K&, bz
IREMBEE N A PPO A—F, XANTLTAEZHM DDPG —H#%7ET continuous action space HJ, H.
#& off-policy ] (XEH43#1it PPO, GAE XEHELZIERA policy gradient #RELE —HEFEAFT DLZ
on-policy ).

2.5.1 Preliminaries
ZHT) RL 1) B ARER R 2 maximize reward objective
J(m) = ZE(St;at)pr (¢, a)]
t
X B H AR 05 & maximize entropy objective

J(m) = ZE(sh“t)Nl)ﬂ [7(st,at) + aH(m(-|s1))] (2.19)
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Notation Description

S State space (continuous).
A Action space (continuous).
D SxSxA — [0,00), state transition probability density function

p(5t+1 |5t, at)

T S X A = [Fmin, "max), réeward function r(s;,a;), bounded be-
tween 7y, and rpax-

St4+1, St, At Next state, current state, action at time step t.

7(ag|s;) Policy, probability of taking action a; given state s;.

pr(8t), pr(se,a;)  State and state-action marginals of the trajectory distribution

induced by policy .

% 2.4: Notations for an infinite-horizon Markov Decision Process (MDP) in SAC.

FMZHTE PPO (R.18) A2t e U/E— M IE AL TUA—FE, X B0 B br o2 Z0R 08 1035 o Fo i KA,
HFEAX -
H(r(|s,) = —/ (a]s;) log w(als;)da
A

SIN T4 1) H bR R 2 v LU JE R policy iteration HIJ7vEK#H optimal policy FJ, %
UE B R R S A VR B T 2 — 3 i nT LA T, VEAH LB % @
2.5.2 Method

Q-function, policy I value function ¥R A T &M LR fl, e HEES &1 215K
1A

Notation Description

Vi (s) State value function, parameterized by 1.

Vi(s) Target state value function, parameterized by 1, 1 is a moving
average of 1.

Qoy(s,a) Soft Q-function, parameterized by 8, we use double Q-learning

to mitigate overestimation bias, so we have two Q-functions

Qo, (s,a) and Qy, (s,a).
me(als) Policy, parameterized by ¢, we use a Gaussian policy with mean

and covariance given by neural networks.

% 2.5: Notations for the SAC algorithm.

ASRBATO] LEAERYE Qo(s, @) ZI8E MC 7 EEER RNV OE (@)
V(st) = Ea,nr[Qo(s1, ar) — log m(a]s)]

{HiZ5]I N separate 1] value function approximator Vi, (s) X Tl ZRid #ER Ui A2 AR E [, BT LALHY
AT soft value function 1M %% 1] objective function BtA8 % 1

Jv(w)::ESPJ)[;(v@(sg-—lgwmw¢399@%,ag-—1ogﬂ¢<a43tﬂ)2} (2.20)
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Hort D Z&— replay buffer, {H2iX B action &M UHTHREE 7, FRFER) (iTAZ replay buffer).
M T soft Q-function ) H b e& HUN 52

Jo(0) = E(s a0~ B (QQ(St» ar) — Q(su, at)ﬂ (2.21)
Horb Q(sy,a0) & target Q-value, EHIR:
Q(st,ar) = (56, a1) + Vs, mp[Vip(s141)] (2.22)
i (ad), ATLAE policy objective 2
3a(6) = B [ D (o) | 22 ) (2.29

S BUAT DU T S S MORBE 0BT, JRATICXPEM— A transformation
ar = fo(ei; st)
Hot e, S AN A RN RS . SORETRAT s T A (R.2d)
() = Es,nop,eoon [log mo (fo (€15 s0)[50) — Qo (st fo (€15 51))] (2.24)
B i B

Algorithm 3 SAC, Soft Actor-Critic

Initialize parameter vectors ¥, ¥, 0, ¢.

for each iteration do
for each environment step do
ay ~ my(als)
St41 ™~ p(3t+1|3t7 at)
D« DU{(st,as,m(st,at), Se41)}
end for
for each gradient step do
Y- Avﬁwjv(i/))
0; < 0; — AoV, Jo(;) for i € {1,2}
¢ ¢ — AV (9)
=T+ (1-T1))
end for

end for

2.5.3 Commentary
HZHCRFE TS (reparametrization trick) sty b & .,

Listing 2.1: Reparametrization trick in Python

# policy_mnet: obs --> features --> latent_pi

# action_mean = policy_net.mu(latent_pi)
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# log_std = policy_net.log_std(latent_pi)

# log_std = torch.clamp(log_std, LOG_STD_MIN, LOG_STD_MAX)
action_std = torch.ones_like(action_mean) * log_std.exp()
action_dist = Normal(action_mean, action_std)

# we can sample from the action distribution and get the action

action = action_dist.sample() # reparametrization trick

HANME Stable Baselines3 (IRafﬁn et al], lZOQ]J) FRETSEELRT SAC BEyEAX BAA R —F#E, HrAsel

FEWA S value function [F], actor BL/2#E policy my, critic H2fi Q-function Qq, FHHP AZEHE T
value function, lTEA value_target th—3F%£4 1, KA critic M critic_target #7r; Rtz 4, SAC )
SEIL A LTS T A target_entropy HIZH (Lt L2 FHiEWRERNIN o ATLLA loss), XANSHE
FH RSP 18 A9 T DU A T R0 22 Jh I P A 1 /E\Miﬂ%ﬁ?)t%ﬁ()* o PER AT LTI
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Chapter 3

LLM Policy Gradient

AT —# LLM Policy Gradient )& JE TS

3.1 Notations

BAMEH LRI 5 kR — LB E S, XERMNTSERZSHE T InstructGPT (Ouyang et all,
2029):

Notation Description

(z,y) A pair where z is the input (prompt, input prefix) and y is the output
(model response).
A dataset, e.g., Dpretrain Tepresents the pretraining dataset.

T Policy, representing the model’s output distribution. E.g., mg(y|z) is the
probability of output sequence y given input sequence x.

g A parameterized policy, where # is the model’s parameters (e.g., trans-
former model parameters).

r(x,y) Reward function or model, output a scalar reward given inputs x and y.

%% 3.1: Notations used in LLM Policy Gradient

3.2 Learning to summarize with human feedback

TL;DR: X2 InstructGPT TAERIHET &, X B H A FR Y Summarize RLHF (Stiennon et all, 2020),
FEARIAE TR RLHF HEZEZ 2% 18550 pretrain+SFT+RL.

3.2.1 Reward model

HEZEWTAERES E MRS D, B MEAEE A post o M summary y € {yo,v1} 4
B pair, ARJEIE NS RAREFRIEBAS v 17 (WEE3R1E T human preference) , % y; HiIF, R)5
FRAE XA s 2211 25— A reward model ry (input prompt z and response y, output a scalar reward r),
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objective function 1R :
loss(rg) = —E(z,yo,y,0)~0 [l0g o (ro(x,y:) — ro(z,y1-4))] (3.1)

BRI D Oy NSEFIWT AL B )5 i B S NSl B4 ), o /2 sigmoid BRIEL

[ g SEEE

L d=r¢(x,y;) —ro(x,y1_:)> loss = —logo(d), FATAILAGHT— T IX A5 BRE I PE R «

1. %d>0H0, BEE d K, o(d) — 1= loss — 0;

2. B3 d<0W, BEE d KR/, o(d) — 0= loss — 4003

WRAHE loss = d 1= (ro(z,y;) —ro(x,y1-4)) 1> BRI EYNL 25 )G 45 R A2 reward model i
Iy B reward ZRT vy, B reward.

3.2.2 Reward and objective function
BT 2 J5, 30 EHH 3 normalize X mean SN 0. #2585 8T LA X AN 2L AR TR
25 LLM ) policy 1, AidiXis TAERA B4R H policy gradient ) EARF L GiEH T PPO, Hr

policy, value function, reward model #{/ same size ] transformer, value function IS4 reward
model FJEEIL), HIELA T policy IR REUIR KX (RM + KL control (Jaques et all, 2017))

T (ylz)
R(l’,y) = Tﬁ(xay) - Blog 71'S<2T7(y|$)

XK g R—NESE, 7iE AT (6 2 URTSHO, «SFT RZATHISEN . R TIERA S
t objective function, A T HEHFFISER T —iE, XHELEH—HFEIEAT objective function F4-#7:

(3.2)

T (ylz)

i 5 D 3.3
objective(q) (#:9)~D pr. ro(z,y) = Blog T (ylz) .

D (B.d)

L Mo =g R E AR SN (AFS SRR XA T), AT 201 5s o5
AN x 33 y, M FRRIAE, (WERIEZ)ET reponse level B3 Y prompt level K, 5
token level #IX, response level T input x 5 Al PABEAE N —A state, output y FJ AR AR AL 25 3RAT]
[ action, {HIXFEHEALFE LB, TODO J5H{E PPO fi#k):

E(%H)NDWRL [*} = Eme,yNﬂg'L(~\x) [*} = EﬂﬂND |:Ey~7rg'L(v|w) [*]:|
o]

2. JX/ objective function H:HLE B (R)(R sEANB.D), Fh r FomiixA RL 504 %
%), ATLAHEEH MC % batch H#EIRA R mean reward = mfEHE. 7T LAE B F HEAE S RA]
33 1 KL penalty 5, {HIZPr ERATHRG 2% maximize X4~ objective:

5 Slow T (y|x)
(my)NDng T@(xa y) — P log W

B [ro(e,)] — BE log & 1%)
yloy | = TP OB YR T PR @)D |08 Z5ET (1)

= Ey~p g [ro(@:y)] =5 KL (™| |7*)
—_———

minimize KL penalty

maximize reward
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3.2.3 Commentary

Summarize RLHF (Stiennon et al), 2020) #) TAE EEZXT—4 post o M summary yo, y; #HAT
Ebie, 1B8—AHE yo = vy RIS INZR— reward model rg, )5 BT IX A reward model 25l 45k
LLM 7 policy. A8 T#E:AlH RLHF pipeline ##AEK 1, (HZ2XANTAEZ response level 17, RI{f
FEFESCHSEEEM PPO KINZRR) (BATZH T — AN PPO 72 token level )

3.3 Training language models to follow instructions with human
feedback

TL;DR: X2 InstructGPT (Ouyang et all, 2022) [ TAE, EEEX EHIA TAEM 7 83E7H . Hiw
BRI E5 7 T R 5k

3.3.1 Reward model

56 &TE comparison collection /T, A2 BT IBFE—A post A summary HEE T, 1M A&
—A> post AR K A responses, MAMEH (5) = w AN comparison, A J5IX BIEAH — T HE
MATA R R AFEIR T A comparisons BT ALIR G E L IZE (45 overfits), T/&¥F[F—4> prompt(task)
A B responses JAE—#E (FE— batch HLT) —¥RZEYNIZR. ML reward model /Y loss function 41
T

1

loss(6) = —@Emyw,yl)w log o (ro (2, yuw) — ro(x, 41))]

XA rg MIZAT—FE, vy, #& preferred response in y,,y» D /& human comparisons. (%) &4
B, FRIRE— batch BHAZ/DALE: (batch size). [FFEER )G reward model IIZk5¢ MG th & it

4= . ,
4T normalize A% a mean score of 0.

3.3.2 Reward and objective function
JRSC4: T objective function, fefEZ BIAIFEAE E mix T pretraining gradients FIZZ0, BAKUIT:

o (ylz)
mSET (y|a)

+ AE Dy reirain [log 7T(I§L (r)}

objective(¢) = E(wﬁU)NDWg,L ro(z,y) — [log
XFIXASEIIE) preraining 5 H #E4T 7087 23X B HIIE /& Z BT Dpreprain T EHESE, N 22—
MESEG 7t (x) RAECRISERA o N, B 1 e [0,1], Bl log it (x) &%k, P
PAZE maximize XI5 AR A2 A SEAE I R I i B8 0% LEASE R F) i HY A3 B K — 6 (A B LR T e i
1)o BAMBTT LG A B L3 fE, 5% SAC (Haarnoja et ali, 2018) MUEfE, FRATX — LMY TE7E
minimize E,.p [—log mgt™ ()], R E/ MU T ZRER SR A0S, o f Hh I s PR s S

pretrain

3.3.3 Commentary

InstructGPT (Ouyang et al), 2022) #Htt Summarize RLHF (Stiennon et all, 2020) )32 5idt & M
Xf—A~ prompt —> comparison yy = y; X T ALK T —4 prompt £~ comparisons, B ANRZH K
— MRS, W yo = g1 = yo = - =y IBAEEAT PLEE B — MR LT S reward model 1. {H
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AR JE T response level 1), AHMZ AT 5 KB AE T A ZMEE—1) summarize {155 1, TMi2EM T
instruction LS, iEHFILEGARMFES GHYT MK KIE S T H 245687

SAC (Haarnoja et all, R018) HIJE I /2 75 ST LU IS, M TS B (4R R s A7, iR

TR BRI SAC B HT5 2 A2 ] DA FEAE AT T X — TR B, yy~p gy HIIA— T
¢

—log mi"(x), ML RRRELZHIME TR, FIVIKIERRT reponse level I, WIRLE

token level HIMAIX — AN & 2 B UF, FRAG B INGF I RAE 2 FEE

3.4 Direct Preference Optimization

TL;DR: DPO (Rafailov et all, 2023) 752 R f3EhE B2 R M348 2545 T GAY llm Akt 2

—™ reward model).

3.4.1 Objective

DPO 1 5:iR#E Bradley-Terry #&75 (tBradley and Terryl, h%j) TE ST — MU AT

exp(T(a?,yl))
exp(r(z,y1)) + exp(r(z, y2))
Hr r(z,y) & general reward function, %% A AHEH7E KL-constrained 251 T optimal

solution

Py > yolr) = (3-4)

mes(yl2) exp (4r(z.1))

T (y|z) = (3.5)
TS mtvla) exp (3r(e.)
é,\
2(a) = Y muslulo)exp (r(ann)) (36)
AT A (2, y) MIERIE:
r(z,y) = Blog D) 510g 7(z) (3.7)

7Tref(y|x)
AR
TATN T Z Fr FHRAFIELPRIRIEXT, BWASHMEMNL LEIEE (reward model HIfi

%), EXEBAIN r REKREHEH objective function H—/NiBh T H. {H &M n] DL F]x B
i) reward 12 Al InstructGPT FIERAE /& &K1 :

o (y|x)
Tret (Y] 7)

r(z,y) =r4(z,y) — Blog

{H2 DPO &3 LLM 24— reward model SKIIZk T, TR InstructGPT &% LLM 41k
—A> actor RYIZxH] .
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241 B N (BA) h15:

bl = pole) = PR ;
exp(r(z,y1)) +exp(r(z,y2)) 1+ exp(r(z,y2) —r(z,y1))
1
1+ exp(flog T2l glog Telnlr)
Xp &) Tret(y2|®) & Tref(y1|z)
o (p10g ZBIE) _ 5100 2
7Tref(yl |JI) 7Tref(yQ |.f13')

422 2 BT %% reward model [1] objective function (@), AT policy objective FLAZAL T T
[MIX 0T (minimize it):

7Tref(yw ‘.T) 7rr8f(yl ‘37)
Hrf y,, MIZH—FFE prefered HIEHE, 7T LA H minimize —E[log p(yw = yi|7)] HSLHZ maximize
p(yw - yl|x) B"Jﬂ%%o

o (Y| 7r x
Loro(mo: Tret) = —E(z,y0,y)~D [loga (ﬁ log o(Yu|2) lo o(v|7) )] (3.8)

3.4.2 Commentary

REAHEMHUZ A TESKEIUEH DPO AL DPO R gE2% o ik KA kb H HE AN 1) 0] 2511 20 T
SEOLHI s IZRMI AR A SFT JEBA PR RE 3 A OC; 15 2 DAPO TAEXT k1 I3y B ) 5 i &
B 7 NSRRI 2% 2% reason MR 5 IEBRIEAEIE R RN ZE R, (Hi2 DPO [ objective EIZHZS ik
(705 Tret) HIRET, BB LLM IR AN —A reward model 7y:

7o (y|x)

Tret (Y[ )

RIRATTH B br e REAER #o(2, yw) > Polx,yr), (B, DPO 58420 T IATHE MR Z 5 K& N FKlm
U2 sh, #5208 DPO HIMSEFRATA

E., [fo(2, )] = SEx, [log

o(z,y) = Blog

o (ylz)
Tret(y|z)
WKL #% (1) f0%RETTS, DPO 16T 502 75 A v, 10 Dy, EATF g 10 Dy, TAGRR
Yo W Dxr 282K (FNIEA E[f] A2 DPO # objective);s B— 3k, WAl & KA ITE N
objective, HBAZMRXANRLFIHIE AR H )5 AR Z Dir, = 0, B mp M 7 IR A T o

] — BDxer (0| v

3.5 Group Relative Policy Optimization

TL;DR: X B FE BN DeepSeek FIHATAE (Shao et all, 2024; Guo et all, 2025), EATHMEH T
Group Relative Policy Optimization (GRPO) .

3.5.1 PPO for LLM Fine-tuning

#4227 PPO (Schulman et all, 2017) MM LLM F, H 52 hstructGPT (Ouyang et al.,
2022), ‘& F 2 maximizing T T H AR R

lo]
1 . T (0t]g, 0<t) . <W0(0t|q70<t) ) )
Jepo(0) = E4n o~ —§ ———=Apclip( ————=,1—-¢,1+¢ | A
pro(0) = Burr@ sy clo [o| = min (e oo o (S oo e

(3.9)
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Notation Description

Q Set of questions/prompts.

O Set of responses/outputs.

P(Q) Distribution of questions.

79(0|q) Distribution of responses given question ¢ under policy 7.
0 Parameters of the current policy model.

014 Parameters of the policy model from the previous iteration.
q Sampled question/prompt.

0 Sampled response.

o The t-th token in response o.

Oy Tokens in response o preceding the t-th token.

Ay Advantage function at token ¢, estimated using GAE.

Vi Value model with parameters .

T Reward at token t.

To Reward model with parameters ¢.

15} Hyperparameter controlling the KL penalty strength.

Trof Reference model, typically the initial SF'T model.

€ Hyperparameter for PPO clipping.

# 3.2: Notations used in PPO for LLM Fine-tuning (Equation @)

Ay W EIET {ro,} F1 value model Vi, s, /2M ¢ 2] T[] reward, fﬁ%()*ﬂ PPO Hfiti%,
il A =1 1 GAE:

T—-1-t

A= Z ’715t+l
1=0
O =1 +YVi(q, 0<41) — Vip(q, 0<¢)

e RIXAME AR IEH 1E S next-token prediction F M85 H K, Vi, AT LUZ —A™ transformer decoder
s NI FEF, value model V,, B policy model mp —#ZUIZRE Wi 1 reward model ry 1)
AR

XA Z AT (Ouyang et al), 2022) response level ] KL penalty A~—#f, ¥ KL penalty BN 7 & —
A token HITHEHEH:

7T0<Ot |Q7 O<t)
7r1fef(0t |CI> O<t>

HEEBNWNSILAE token level H1, FRATHPIRE s, = (¢,0<t), IME ay = o, FRLARTELE R V,, K%
)\IEé q,0<¢> &ED:

Ty = T¢(Q70§t) — Blog

Viy(st) = Vi (g, 0<4)
AILVER] ry() FE5HE o B TN TETS, WA

T¢(3t7at) = r¢(Q7 0ct,0) = T¢(Q70§t)
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3.5.2 GRPO

4 updated policy mp F old policy my,,, Z A AL A:

#B-2 i-th clip surrogate objective HH A:
JSP(9) = min (r;(0) A;, clip (r;(0),1 — e, 1+ €) A;) (3.11)

ot A, & advantage, FLHFSAIT CifE S I HERAL3.1)D:

r; —mean({ry,re, -+ ,rg})
std({r1,72,- - ,7a})

FE RS ERRATE N E— KL penalty (Ouyang et all, 2022), 72%%(@), BA TR — A7 ZF N
KL AR THEA penalty (HES LHRA.3.D:

A = (3.12)

DEL (g ) = oD o Terlild) (3.13)

mo(0ilq) mo(0i]q)
GRPO (Guo et al), 2025) Hffr45 Hi 1 response-level objective function #1F:

1 < cli
Jarro(0) = Equp(q) {0116 ~me,,, (Ol0) [G Z (Jilp(e) - 5D$L(7T9|7Tref))1 (3.14)
i=1

3.5.3 Commentary

VERIX BN o MZHT o N—FF, o0; &—5CHE] response, 1M o, /&> token; FATEXF—
AN question ¢ KAFE G > response o;, PR S5 rollout &F— response 1] A;;

GRPO HJ4FRIff Group Relative Policy Optimization, Group HJEEkZFEA K G 4 response;
1M Relative BB IR T EE N advantage; X HEAZHP)Z (Guo et all, 2025) H1H]
response-level GRPO, F#JF4H 1 token-level GRPO (Shao et all, 2024) H B [X 51, Mﬁiqﬂ [F A
G T EENHES.
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B A
Supplementary Material

A.1 Causality in Policy Gradient Methods

A1 SR AR B, [ T LA B IRA TR D 7 % . X BERATA policy gradient ZE45 o HB 454
) causality SRg/T7 Z2 19 23 3504 — N1 B A Bl SR UL om b 7 2 e e

A.1.1 On-Policy Policy Gradient

Tt on-policy policy gradient(without baseline)(@) TXHR 53 M) A a2 = T S 2
T A reward, W2 R8T HENE 2 S5 ) reward RIFDTT 2, B, AR SEME AN 2208 2 i 6 22 il A= 5 il

T
Erpo(r) [(ZVG log mor (as:) ) (ZT St, Q¢ )]
t=1

t=1

T T
=Erpo(r) [Z Vo logmg(as, |s:,) Z T(Stgaatz)‘|

t=1 to—t1

N TAEARRT S R, AT
gt = Ve logmg (aclsy) 1 =r(se,ar)
HERTRATH GRS N IE, i T =4, BAEATE
th ZT}, =(g1 + 92+ g3+ 9ga) - (11 + 712+ 73+74)

=g1-(ri+ro+r3+r14)

+g2 - ( ro + 13+ T4)

+g5 - ( T3+ Ty)

+94 - ( r4)
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e 45 RS AR IR 2R R s

g1 Tt T2 T3 T4

. 92 Ty T3 T4
DIEDD :

93 Ts T4

94 T4

AT AR 23X BAE S T HUH 5 7 B = AR A, T A 2 A BN 0, 83T causality
FAMES 4 HT 1 on-policy policy gradient Jii/> T JUF—F 1 %

A.1.2 Off-Policy Policy Gradient

BTN REJE off-policy policy gradient(), XANMAT importance sampling B /572, FATEN
PRAR, ZNAERRAE 52 B0 SRS (520, 1 24 A 2R H A2 21id 2% importance sampling 5200, B, Ak
) B MR SRAE AN 20 24 1T 1) SR W P A 5

T T
Ernpo(r) l(H o (a]31) ) (Z Vo log mg: (ar]st) ) (Zr St, Q4 )1
=1

1 mo(adlse)

=Erpo(r) lz Vo log mgr (ay,|8t,) <ﬂ o ((It2|5f2)> (Z (54, az, ( H o (e, |st,) ))]

ti=1 to—=1 7r9(at2|3t2) — at4|st4)

FRERT, AT
_ T (atlst)
mo(at|st)

FEREERGE T =4, BABRANE

11 Z%ZH—Z%ZHH

gr = Vo logmg (arlsy) 1 =1(st,a4)

=g1-(ri+ra+rs+ra)-( )

toa- (st )

+95 - ( s+ 74) - ( )

91 ( ri)- )
BRI
g1~<7‘1‘( e ) e (W w0 ) e (W - wa s ws - ) g+ (wy - ws - ws - ))
R G ) 472 )47 )47 )
95 (- )+ )47 ( )+ ( )
o1 (- )+ )+ )+ ( )
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(SEANNEE SEPw L T

11 _Z_gt Z r (A1)

g1 o Ty T3 T4
T T r . . .
_ Z 92| 2 T3 T4l (A.2)
gs rs T4 : : :
194 | T4
g1 ry T2 r3 - : T4 -
. T T3 - Ty - .
2 IE ' o ' (A.3)
g3 . . r3 Ty
_94_ | . . . T4

MEBE—NEGA IR M, ] causality FATN B THEAFEE T E=#/, X importance sampling
MIREL ATAFE 7ROUT =AM, M A5 SEhr B BATFRIBAZ 4107 ()EI"]
AL T i o

A.1.3 Simplified Off-Policy Policy Gradient

KBS A MHERER “EId causality /b5 227 W, B #E 2 WERTER causality 114
e RBATA AR ZZZA importance sampling [ causality, ﬁﬁéiﬁ(@)ﬂ@%@ﬁ%é\@%; n
RBATHE EHI 2 gradient 1 importance sampling B causality, A4 FRATHI TSI FE A M-

>0 -Salln A

g1 L To T3 T4
. . . re T3 T,
_ 92| 2 T3 T4 ( A 5)
g3 : . . r3 T4
_g4_ i . . . ] 74
g1 o Te T3 T4
. Ty T3 T,
- 921 . 20 0s (A.6)
g3 : : r3 T4
_g4_ i . . . ] r4

A DUE BIX BIRA W A2 He 7 i e R ¢ A1 w I causality, A HHEE g M1 r 1Y causality,
Ja 133 E‘J%%(@) ttii(@)%ﬁﬁ%%ﬁﬁzo BERS X R element-wise E‘J?%J‘iiﬁ?ﬁ%():

v9"](9/) = ETNP@(T) lz V@/ 10g o (atl |St1) <]j 7-‘—0”((1752|5t2)> ( Z T<St3?af3)>‘|

t1=1 to=1 7-[-6'(a752|$152) ta=t;

A.1.4 First-Order Off-Policy Policy Gradient
TEIXAN A EIRATE A importance sampling B —Br ik % fe Iﬂ@%’?ﬁﬁ%ﬁﬁ():

=1 mo(acls:)

T
! (A |S N
Ve/J(H ) = ]ETNPQ(T) [ E o ( t| t) V(w IOg 7'('0/(@“5,5)@,5]
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i

= ﬂ-gl(atbt) gt = Vo logmy (ag|s;) Q= Qt
o (ast)
LR ) matrix form A:
9 Q1
92 Q2
Z g3 Q3
94 Qq

A.1.5 TL;DR

PAVX T RAEH T 4L 1/ causality Kig/b 772, J6& M on-policy policy gradient ] g 1 r
H causality SRig/b 7 Z:

T

(Z Vo log mor (ar|st) ) <Zr st,at)>
=1

T T

= Z VQ IOg W@(atl |5t1) Z T(Stwatz)

t1=1 to=t,

B4 H off-policy policy gradient ] g F1 » ) causality. = Fl w B causality i/ 2, HEHE—
WA g A1 w I causality. g 1 r B causality Kb 7 Z:

(H W) (Z Vo log g/ (at|3t)> (Zr(st’at)>

t=1 o (at|st) t=1 t=1

t T ts
o (a’tz |sz) o (at4 ’8t4)
= Vo log mer(ay, |s:,) Sty Q. ( 7)
tlz:1 ' ' t!i[l o (atZ |St2) f5§::1‘1 U 4];[1‘/1 ﬂ-e(a’t‘l |St4)
a o atz |Sf2) =
?ZVg/logﬂ'g/ a/1|511 H Z Sl;va/a
o=1 atz |Stz) 5=t

t1=1

i K —Fr iz LK) off-policy policy gradient SR> /5 %:

Z Vo log mgr (ays, |st,) (]f[ W) (Z 7‘(8/,37CLL3))

o=1 Wa(ah |5t2)

t1=1 ta=t1
o Ty (at1 |8T1) S
t1=1 ’/Tg((l |St') t3=t1
d T (@r,[S1,) A
= Z v@’ IOg 7T9/<(1t1 |St1) Qtl
=1 ﬂ-@(atl |St1)

A.2 Derivation of Soft Policy Iteration

A.2.1 Soft Policy Evaluation

X}T soft policy iteration [J policy evaluation P35, A 14 B 1HH —A> policy 7 MME KA, &R EK
I Eﬁ@ﬁ() XFF—ANE € 1 policy, soft Q-value A LB TFHE H K, MEEBRE Q : SxA - R
Hin, BEEMNH—MESGLH Bellman backup operator 7., & XUl

7;rCQ(Sta at) = T<St7 at) + 7E5t+1"’p[v(8t+1)] (A7)
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Hrdr V(s;) #& soft state value function, & W
V(st) = Eg,mrn[Q(St,ar) — logm(as|st)] (A.8)
Lemma 1. (Soft Policy Evaluation) % J& soft Bellman backup operator T, (@) Fe—ANBEg Qo :
SxA—-R, B |A <0, ZX Qri1 = TrQre AAFF Qp 24EE] m 89 soft Q-value, % k — o0,
XFFIXA™ soft policy evaluation [JIE B LA & R, HURIEHE W E L X —B 5, ie/E—4 .,
2T soft Q-value € UAZ AL T —> Bellman 5 #2, FZHT Q-value #H X7 T .

Qﬂ(sta at) = Tﬂ(sta at) + 7E8t+1~p,at+1~ﬂ[QW(5t+17 at+1>]

A.2.2 Soft Policy Improvement

XIF policy improvement %%, FATHHT policy 2 soft Q-value [NFEEAE. X AT HT A PLLRUESE
soft value FA&— At BT 3ATHE =X T AL policy, FATKE policy FRFITE—NEES TT H, IXA4EE
HA LR — N SE N AR, s A . N T IR BIRXAZNR, AT G E 1) policy R BT
I policy A . BRI EIRATAT LG EARATH 5, (Ha2 2T Kullback-Leibler #FE 15 4%
. #R)iE R, 7E policy improvement AZIRHT, X FREANIRE, BATRHE T 1H 1A T H policy:

exp(Qr.., (8¢, -
) 49
Lemma 2. (Soft Policy Improvement) 3% 14 € 11, 7,0, KAL) ﬁ(@) B RALAF 3T T AT A 69 (s4,0a4) €
SxA, #BA Q. (st,0) > Qn,y(8,a:), H Al < 00s

EBIIS, EERATH

Jﬂold (’n—new('|st)) = DKL (ﬂ_new('|st)||

oo = axg min Dicr, (150

MM)
ZTrold (St)
. Tnew (at ‘ st)

Zrora (s¢)

= Eat'\’ﬂ-now [IOg Thnew (at|5t) - Qﬂ'old (Sta at) + 10g Zﬂ'old (St)]
R (Ad), Az

7Tnow('|3t) = arg EIEHFII J7Told (7'('/('|St))

lEs)
Jﬂ'uld (WHH\V("St)) = Eat’\’ﬂ'new [lOg Tnew (a’t|st) - Qﬂom (St’ at) + log Z‘ﬂ'old (St)]
< Jﬂ'old (Wold('|8t)) = Eaf,N‘ffold [log 7Told(a’t|3t) - Qﬂ'old (Stv at) + IOg Zﬂold (St)]
NN log Z,.,,, (s1) 5B N ap TERIVEE, Bl BlE. RERNTHA

By [108 Toew (at]8t) = Qroa (8¢, 01)] < By 108 Tora(at]st) — Qropa (815 a1)]

wEe (Wi Q BEH TN, TREATTUBEERIAE Q = Q. BATELEHEN © F
e s N

Vi(st) = oy [Qrora (81, ar) — log m(aysy)]
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I AR

Qroa (86, a1) = 1(8t,a1) + VB, op [Viroa (St41))]
=1(81,01) + Vs, s mp [Bayrmrons [Qroa (41, @r41) — log mora (ar11]5041)]]
< r(50,a1) +VEsy s mop [Barss oo [Qrrona (86415 @r41) — 108 Moo (@rg1|S141)]]
=7(5¢,a¢) + VEg, o op [V (8641)]

- Qﬂngw (Stv at)

XHEPIERA SAC JRit X (Haarnoja et al, 2018) MIUEBHIA K —#F, XHEZZS%E T (Sutton and
Barta, 2020) policy iteration H dynamic programming 7775, EZ AT Q £ R, RE%
FEFMG m AR kA B il Bellman Equation KAHEAH1 V 7] LA R K, AP

Unew = WX T Qg

JRAEFRAT X Bk R e S
Virnew (8t) = Baymmey, [@roia (815 @t) — 108 Toew (at|5:)]
XA E EMARB RS S —ERIT, WRZ R FE SR E X
View (8t) = Eapnmpen, (@ (8¢5 01) — 108 Toew (at] )]

B2 RIVEIFZ G IRI, LR MERIRIALES Q. BFSCURRE T — A UARYE lemma
[l FTLEperg s, (BR i,

A.2.3 Soft Policy Iteration

Theorem 1. (Soft Policy Iteration) ¥ 2 R soft policy evaluation #= soft policy improvement 2|4
B8 policy m € T, B —A policy n*, £33 T A policy 7 € T1 #= (s4,a;) € S x A #H
Qﬂ.* (st,at) 2 Qﬂ-(st,at), 4?5119\ |./4| < o

2% (Sutton and Barto, 2020), 1X~& B IJUEBIFIZ A )€ # AL, #B218id Bellman Equation K
UEBI .

A.3 Supplementary Material for GRPO

A.3.1 Derivation of Advantage Function
[0 token-level A, M4 (2.17) 7T LS 1 F B

T—1—t
Ay = Z ’Yth+l — Viy(q,0<)
1=0
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X BFHEATPLAH MC A1 value model, B:

T—1—t
Z ’Y""t+l1

V(g 0<t) = Erora [Q(q,0<:)] =
N~ ——

AT BT LA Vs
T—1-t T—1-t
= Z VZrtH 0o1a l Z 77“t+z]
1=0

gt —2 1, BATTLLRA rule-based reward, %42 — response HEATA% UK 2 B35 I IE 2

BMNMHEATR) vy, XAERT L2 $8 reward model, HAPEL T response-level advantage:
Ai=r— Ery [r]

1#: GPG Chu et al| (2025) KEPHZ ETHENABRUARHEZERTER, (Guo et all, 2025) L REU 2 B

AR IEZE TR 2
11, (Guo et all, 2025) ¥iXA~ advantage #E47IH— 1L AbHE:

r; —mean({ry,r2, -+ ,rg})

A=
Std({?"l, ro, - ,Tg})

A.3.2 Derivation of KL Approximation
S i 2R KL SR TARAE T 28 ks » SR ERATE KL U T

) ] g, [Tl
—E,, |1 = By | —log ==
DKL(WOHm%ef) E 0 [Og ng_ef(0|q) ’ o8 7T6(0|Q)

o) _ g, Taulle)

“[mw@‘ & r(olg)

(B.1d) SHIRE—A estimator, bR EUIRAE MC J7ik, RATH:

) 79, (0i]q)
D1 (mo|76,.:) = Equ p(), 10, Y&~ (Olg) lG Z < —log ——— -1

7T9(Oz|Q) m9(0ilq)

=E

TATHR B B KA, Jarpo(0), MER MY Dy (mgllma.,), FTOATATAT LUK A FIEN penalty
term, BIZERTTEIN— A0 S30% Jarpo(0) EHAT, Wh.14.

A.3.3 Derivation of Token-level GRPO

52k F token-level GRPO (Shao et all, 2024) 7£ DeepSeek-Math Hit & HIL 1, (HEMRAW
response-level GRPO (Guo et al), 2025) 7£ DeepSeek-R1 A4 HFE . i EFRATATEEHSS token-level
GRPO SEIMM4IRLEE, 1 H A LU — P ERG a4, B2 Rt SRR KR KT 23
FolgAtae, ZKEMRRAFINES, BIbfEx i il

XﬂL() PATMK token-level HITER:

A I
Jarpo(0) = EqpQ) (0} ~rmo,,, (Ol) I > ol > (Jifll,p(e) - 5DELL(7T0H7Tref)> (A.10)

i=1 7t =1
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Clip Surrogate Objective

W (o) (BT
J;?P(e) = min (ri,t(e)flm clip (r;+(0),1 —e,14¢) fi”>

Ratio

M ri(0) (B1d) AR T -
i (6) = (0i.1|q. 0i,<t)
. T (00,119, 0 <1)

KL estimator

M DEE (Bad) T
7Tref(oi.,t|(L O'i,,<t) 7Tref(oi,t|qv O’i,,<t> o

DKL (1 | yeg) = ettt 00st) o

1
WG(Oi,th»Oi,<t) 7r0(0i,t|Q7 0i,<t)

Advantage and Reward

WS 2 response-level reward, advantage FlZH A; ()—ﬁ— (FH4T—~> response FTfi token ]

advantage #l & —FEH):
AT mean({ry, 72, - ,Tc})
t std({ry,re, - ,rc})
R process/step/turn-level reward, HAFATEH —> process reward model (PRM) N G

response ] K; NMEBIT, MasiRE—RILE (—3E Y9, K, DEHD:

index index(K index(1 index (K
R:{{Tl (1)7"’77‘1 ( 1)}7"'7{TG ()7"'7TG ( G)}}

HH index(j) K j PIRM end token index, X rewards 4T normalize:
_index(j) ) _ mean(R)
i Std(R)
A4 BB ) advantage A (FH24 T —> response [ token #2473 A LB advantage)
A= % index(s)

index(j)>t

B%: Bellman Equation X7 ?

RIVESAER T 51 = (¢, 0<1), 00 = o FIRARM T, BATMRIEA ERA A BSRLUXFERI LA

V(St) = Eq,n [Q(Sta at)]
Q(8t,a1) = (54, a1) + VEs, ~p [V (54)]

FATH BT —ERAR AL E— KRB s, = (q,0<¢) MARZIRINRER, 4R BT MRS
Si41 = (q,0<p) FERA E—DIRE s, = (¢, 0<0) FFIEFELAZE (B TAETUIZRMT BLP) cross-entropy
loss JEEN casuality fZiA(5E 7)), F AN LM advantage H SR EE —A bandit 54 EI1
single-turn HIIH—T ., FEAZ TR multi-turn RL; X WEABERVIGR T GRPO
(Shao et all, 2024) HIBHERRZ N Supervision RL, [ CFEMA GBS S b —F, B H &
FREZIH AR R &L 15 A H S

39



	Introduction
	Preliminary
	Approximating Kullback-Leibler divergence
	KL Divergence
	Approximation
	Experiment
	Commentary

	Policy Gradients
	The goal of RL
	Direct policy differentiation
	Understanding Policy Gradient
	Variance Reduction
	Importance Sampling
	Commentary

	Generalized Advantage Estimation
	Preliminaries
	Advantage function estimation
	Commentary

	Proximal Policy Optimization algorithms
	Policy gradient methods
	Trust region methods
	Clipped Surrogate Objective
	Algorithm
	Commentary

	Soft Actor-Critic
	Preliminaries
	Method
	Commentary


	LLM Policy Gradient
	Notations
	Learning to summarize with human feedback
	Reward model
	Reward and objective function
	Commentary

	Training language models to follow instructions with human feedback
	Reward model
	Reward and objective function
	Commentary

	Direct Preference Optimization
	Objective
	Commentary

	Group Relative Policy Optimization
	PPO for LLM Fine-tuning
	GRPO
	Commentary


	References
	Appendix
	Supplementary Material
	Causality in Policy Gradient Methods
	On-Policy Policy Gradient
	Off-Policy Policy Gradient
	Simplified Off-Policy Policy Gradient
	First-Order Off-Policy Policy Gradient
	TL;DR

	Derivation of Soft Policy Iteration
	Soft Policy Evaluation
	Soft Policy Improvement
	Soft Policy Iteration

	Supplementary Material for GRPO
	Derivation of Advantage Function
	Derivation of KL Approximation
	Derivation of Token-level GRPO



